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Abstract 

Sarkar and Wang have given a combinatorial algorithm for computing 
Heegaard Floer homology and Plamenevskaya has improved their method 
to compute Ozsvath-Szabo invariant. 

In this paper, applying the combinatorial method to stabilizations of 
an open book, we prove basic properties of Ozsvath-Szabo invariant. 

1 Introduction 

Let (y,^) be a 3-dimensional contact manifold. {Y,£^) is called overtwisted, if 
(y, ^) has an embedded disk D such that dD is tangent to ^ and the framing of 
dD given by ^ coincides with the framing given by D. iY,£) is called tight, if it 
is not overtwisted. Eliashberg has classified overtwisted contact structures by 
using homotopy theory in [1]. However, tight contact structures have not been 
classified completely. 

One of basic theorems in 3-dimensional contact topology is Giroux's cor- 
respondence. It says that there exists a one-to-one correspondence between 
isotopy equivalence classes of contact structures and positive stably equivalence 
classes of open books. 

Using Giroux's correspondence, Ozsvath and Szabo have defined an invari- 
ant of isotopy classes of contact structures in [9]. The invariant is an element 
of Heegaard Floer homology of the ambient manifold. It is useful for classi- 
fying contact structures up to isotopy. For example, if the contact structure 
is overtwisted, then their invariant vanishes. In particular, it is also useful for 
classifying tight contact structures. 

Sarkar and Wang have given a combinatorial algorithm for computing Hee- 
gaard Floer homology in [12] and Plamenevskaya has improved their method to 
compute Ozsvath-Szabo invariant in [11]. 

In this paper, after reviewing their results, applying the combinatorial 
method to stabilizations of an open book, we prove the following two basic 
properties of Ozsvath-Szabo invariant. 

Let ^ be a contact structure on a 3-manifold, and c(^) be the Ozsvath-Szabo 
invariant of ^. 
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• c(^) vanishes, if ^ is compatible with a negative stabihzation of any open 
book. 

• Positive stabilization preserves c(^). 

This paper also includes an easier computation of the contact invariant of the 
example in [11]. 

This paper is the author's master's thesis. I would like to thank my supervi- 
sor, Masaaki Ue. I would also like to thank Ryokichi Tanaka. I could not write 
this paper without their adivice and encouragement. 

2 Giroux's correspondence 

In this section, we review Giroux's correspondence theorem. 

An open hook is a pair [S, h), where S is the page, which is an oriented surface 
with non-empty boundary, and h is the monodromy, which is an orientation 
preserving self-diffcomorphism of S which coincides with the identity map on 
dS. We call two open books (^i, hi) and (S'2, /12) are equivalent, if Si equals S2 
and hi is isotopic to goh2og~^ relative dS, where g is an orientation preserving 
self-diffeomorphism of S. 

Let (y, ^) be a contact 3-manifold. {Y, ^) and an open book (5, h) are called 
compatible, if F is diffeomorphic to 5 x [0, 1]/ ^, where the equivalence relation 
~ is given by 

(a;,l) ~ (/i(a;),0), xeS 

(x,t) ~ (a;,t'), X edS,t,t' e [0,1] 
and the following conditions hold. 

• dS is a transverse link, that is, its nonzero tangent vector is transverse to 

• da is a volume form on S, where a is a contact form of ^, 

• the orientation of dS which satisfies a > coincides with the boundary 
orientation induced by the surface orientation defined by da. 

For an open book {S,h), its positive(negative) stabilization is an open book 
{S',h') such that 

• S" is a surface obtained from S by attaching a 1-handle to S, 

• /i' is a composition map h' = t^ o h, where 

• 7 is a simple closed curve in S' which goes over the 1-handle once, and t-y 
is the positive (negative) Dehn twist around it. 



2 



This operation does not change the ambient manifold Y. Note that a posi- 
tive (negative) stabihzation does depend on 7. 

Wc cah two open books (^i, hi) and (52, are positive stably equivalent, 
if a finitely many positive stabilizations of (Si, hi) is equivalent to a finitely 
many positive stabilizations of (S'2,/i2)- 

Giroux has shown the following theorem in [3] . 

Theorem 2.1. Let (Y,^) be a i- dimensional contact manifold. Then there 
exists a unique compatible open book (S, h) up to positive stably equivalence re- 
lation. Conversely, let [S, h) be an open book. Then there exists a unique com- 
patible contact manifold {Y,£^) up to isotopy. In addition, this correspondence 
is one-to-one. 

Remark 2.2. A positive stabilization does not change the compatible contact 
structure. However, this is not the case for a negative stabilization. It is known 
that a contact structure compatible with a negative .stabilization of any open book 
is overtwisted, even if the original contact structure is tight. 

3 Hat Heegaard Floer homology 

In this section, we review the definition of hat Heegaard Floer homology, fol- 
lowing [12]. 

Originally, hat Heegaard Floer homology HF of a 3-manifold is defined 
by using the moduli space of holomorphic representations of Whitney disks 
in the symmetric product of S, which is a Heegaard surface for a Heegaard 
decomposition of the 3-manifold (see [8] and the review of the construction 
in [10]). In this paper, however, we use cylindrical reformulation of HF by 
Lipshitz in [6]. 

Let F be a closed oriented 3-manifold and Y ~ Hi Us H2 be its Heegaard 
decomposition. S = dHi = dH2 is oriented as the boundary of Hi . 

Let g be the genus of E. Then, Y has a handle decomposition having one 

0- handle, g 1-handles, g 2-handles, and one 3-handle. Wc call the cocores of the 

1- handles ai,a2, . . . ,ag and the attaching circles of the 2-handles f3i, (32, ■ ■ ■ , l3g. 
Then, we get a tuple (S,a = {ai,a2, ... ,ag), f3 = {Pi, P2, ■ ■ ■ , (3g)) called a 
Heegaard diagram. 

We fix a point zq G S \ (IJa^) \ (lj/3j) called a basepoint. The tuple 
(S, cx,(3, zq) is called a pointed Heegaard diagram. 

Given a pointed Heegaard diagram (E, a, f3, zq), the chain complex CF is a 
free abelian group with Z/2Z-coefRcients whose generators are formal sums of 
g distinct points in E, x = xi -\- X2 -\- ■ • ■ -\- Xg, such that each a-curve contains 
some Xi and each /3-curve contains some Xj. That is, there exist a,T £ Sg such 
that n Pr(i) includes Xi for each i = 1,2, . . . , g. A connected component 
of E \ (a U /3) is called a region. The region containing zq is called the pointed 
region. A formal sum of regions with integer coefficients is called a 2-chain. For 
a 2-chain (j) = aiDi -\- a2-D2 + ■ • • + OrDr, d{d{(t))\a) is defined by 

d{di(t>)\o.) = aid{diDi)\o,) + a2d{diD2)\o.) + ■■■+ ar<9(a(Z?OI«), 
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where 5(9(D)|q,) is a formal sum of the endpoints of a-edges of D with signature 
which is induced by the orientation of S. Given two generators x, y of CF, we 
define 7r2(x,y) to be the coUection of aU 2-chains such that 9(5(0) |a) = y — x. 
Such 2-chains are caUed domains connecting x to y. Given p G S \ (a U /3) 
and 2-chain (jj, let np(<j)) be the coefficient of the region containing p in <j). 
A domain (j) is positive, if np{4>) > for every point p in E \ (a U /3). We 
define 7r2(x, y) = {0 g 7r2(x, y); nzg{(j)) — 0}. A pointed Heegaard diagram is 
admissible, if any positive domain G 7r2(x, x) is trivial, for every generator x. 
It is known that there exists an admissible pointed Heegaard diagram for any 
Y. Hence, we assume that {Y,,a, f3, zq) is admissible. 

For a domain and generator x = xi + a;2 + • • • + Xg, ^Jixi{4>) is defined to 
be the average of the coefficients of the four regions around Xi in </>. The point 
measure /^x(</') is defined as HxXi')- 

Any region has even vertices, because each of its vertices is intersection 
point between some a-curve and some /3-curvc. Hence the boundary of the 
region consists of a-edges and /3-edges, which are placed alternately. If a region 
-D is a 2n-gon, then we define e{D) = 1 — ^, and for a domain </> = X] '^j-^'i, its 
Euler measure e{4>) is defined by e(0) — '^aie{Di). 

Let be the moduli space of holomorphic representatives of S 

7r2(x, y), and /i((/)) be the Maslov index of (p, which is an expected dimension of 
A^(0). 

Proposition 3.1 (Lipshitz [6]). For a domain (p G 7i'2(x, y), the Maslov index 
of (j) is given by 

^{(j)) = e{(j)) + n^{(p) + Hy{<p). 

If (j) is non-trivial, A^((/)) admits a free K action. If /i(0) = 1, A4{4>)/M. is a 
zero-dimensional manifold, so we define its count function c{4)) to be the number 
of points in A^((?!))/R, counted modulo 2. 

After all, the boundary map of the chain complex CF is given by 

ax ^ ^ c(</>)y, 

y 0e7r«(x,y) 

m(</.)=i 

for every generator x. If the pointed Heegaard diagram is admissible, the right 
hand side is a finite sum. This map satisfies d o d ~ Q. 

Theorem 3.2 (Lipshitz [6]). For a 3-manifold Y , the homology of the chain 
complex {CF , d) is isomorphic to Ozsvdth-Szabo Heegaard Floer homology 
HF{Y), which is an invariant for the 3-manifold Y . 

Note that the only non-combinatorial part of this formulation is the count 
function c{4>). 
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4 A combinatorial description of Heegaard 
Floer homology and Ozsvath-Szabo contact 
invariant 

In this section, we review a combinatorial description of Heegaard Floer homol- 
ogy and Ozsvath-Szabo contact invariant. 

At first, we review a combinatorial description of Heegaard Floer homology 
by Sakar and Wang, in [12]. 

Definition 4.1. A pointed Heegaard diagram (S, a,f3, zq) is nice, if any region 
not containing zq is either a bigon or a square. 

It is known that a nice pointed Heegaard diagram is admissible( [7]). 

Definition 4.2. Let (S,q:,/3,zo) be a nice pointed Heegaard diagram. 

A domain (p G 7r2(x,y) is an empty embedded 2n-gon, if it satisfies the 
following conditions. 

• The coefficient of each region in (p is or 1. 

• The closure of (j) is topologically an embedded disk with 2n vertices on its 
boundary for some n £ N, such that /iu(0) = j for each vertex v. 

• The closure of (j) does not contain any Xi or yi in its interior, where x = 
J^Xi and y ^J^Vi- 

Theorem 4.3 (Sarkar, Wang [12]). Let (S, a, f3, zq) be a nice pointed Heegaard 
diagram. 

1. Lf (p (1^ 7r2(x,y) is an empty embedded bigon or square, then fi{(f>) = 1. 

2. Let (j) be a domain such that fi{4>) ~ 1, then c{(j)) = I if and only if (p is 
either an empty embedded bigon or square. 

Hence, the boundary map d: CF CF can be computed as 

y 06^^(x,y) 

is an empty embedded 
bigon or square 

for a nice diagram. 

Theorem 4.4 (Sarkar, Wang [12]). For any admissible pointed Heegaard dia- 
gram (S, a, f3, Zq), we can get a nice diagram by finite isotopies of a and handle 
slides among a.. We can also get a nice diagram by finite isotopies of (3 and 
handle slides among /3. 
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The above two theorems show that hat Heegaard Floer homology of any 
3-manifold can be computed combinatorially. 

Next, we describe a construction of Ozsvath-Szabo invariant by Honda, 
Kazez, and Matic, in [5]. 

Let {Y, ^) be a contact 3-manifold and {S, h) be a compatible open book. So 
Y is diffcomorphic to x [0, 1]/ where the equivalence relation ~ is defined 
as in section 2. Then, we get a Heegaard decomposition 

Y = Hi\JH2 

with Hi = S* X [0, 1/2]/ i72 = S" X [1/2, 1]/ 

There is a construction of the Heegaard diagram corresponding to the decom- 
position. E denotes dHi = S1/2 U -Sq, where Sq = S x {0}, 5*1/2 ~ S x {1/2}, 
and a- and /9- curves are defined as follows. 

Let {ai, 02, . . . , a„}, called a basis for S, be a collection of disjoint properly 
embedded arcs in 5" such that 5 \ (IJ Ui) is a single polygon. Then, bi is deter- 
mined as an arc which is isotopic to Oj by a small isotopy so that the following 
conditions hold. 

• The endpoints of is isotopied along dS, in the direction induced by the 
orientation of 5*. 

• ai and bi intersect transversely at only one point in the interior of S. 

• If we orient a^, and bi is given the orientation induced from the isotopy, 
then the sign of the intersection H bi is positive. 

For examples of such {oi, 02, ... , a„} and {61, 62, ... , see figures in section 
5. Then, the curves ai = x {1/2} U a,; x {0} are cocores of 1-handles and 
Pi = bi X {1/2} U h{bi) X {0} are attaching circles of 2-handles. Hence, we can 
consider a — (ai, 012, . . . , a„) and /3 = (/3i, /?2, ■ . ■ , Pn) as a- and (3- curves in 
the Heegaard diagram. 

In addition, the basepoint zq is placed on 6*1/2 a-nd is not in any thin strips 
between ai x {1/2} and bi x {1/2}. 

After all, we get the pointed Heegaard diagram (S, a,/3, zq) given by the 
open book. This diagram depends on a monodromy h and a basis for S. It is 
known that this diagram is admissible ( [5]). 

Ozsvath-Szabo invariant is an element of HF{—Y), so we consider — F, 
whose diagram corresponding to —Y = H2 Us Hi is given by (S, /3, a, zo), 
interchanging the roles of the a- and /3- curves. 

Let Ci be the intersection point between x {1/2} and hi x {1/2}, for i = 
1, 2, . . . , n. A formal sum c = ci +C2 + ■ • • + c„ is a generator of Ci^(I], (3, a, zq). 

Theorem 4.5 (Honda, Kazez, Matic [5]). c is a cycle, which represents 
Ozsvath-Szabo invariant c(^) in HF{—Y). 

Now, as an application of Sakar-Wang algorithm, we have the following 
theorem of Plamenevskaya. 
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Theorem 4.6 (Plamenevskaya [11]). For any open hook {S,h) and any basis 
{ai, a2, . . . , a„} for S, there exists an orientation preserving diffeomorphism 
(j): S —>■ S which is isotopic to ids relative dS such that the open book {S,(j)oh), 
which is equivalent to [S, h), and the basis {ai, a2, • . • , a„} give a nice pointed 
Heegaard diagram. 

We can get a combinatorial method of computing Ozsvath-Szabo invariant 
by combining theorem 4.5 and 4.6. 

Sketch of proof of theorem 4-6. Let (E, cx, (3, zq) be the diagram given by (5*, h) 
and the basis {ai, 02, . . . , a„}. We can get a nice diagram by moving /3-curvcs 
of the original diagram by Sakar-Wang algorithm. If the moves include only 
isotopies in Sq C S, we prove the theorem. 

There are two steps in Sakar-Wang algorithm. Firstly, we eliminate non-disk 
regions, then, make all but the pointed region bigons or squares. 
Step.l Eliminating the non-disk regions except the pointed region. 

Since E \ a is a punctured sphere, each non-disk region is a punctured 
sphere with more than one boundary components. In addition, each boundary 
component dose contain both a-edges and /3-cdges, because every Ui intersects 
Pi in our diagram. 

So, if £) is a non-disk region, then we can take disjoint, properly embedded 
arcs Ii,12t ■ ■ ■ ,lk in _D, such that they are contained in So and each li connects 
an a-curve to a /3-curve, so that D \ li \ ■ ■ ■ \ lk is a polygon. 

Then, we make isotopies, called finger moves, by pushing /3-curves along li 
as in Figure 1. They are isotopies in So which kill the non-disk regions. 



Figure 1: Eliminating a non-disk region D. Here, thick solid arcs denote a- 
curves and thin solid arcs denote /3-curves. The same notation will be used in 
Figure 2. 

Step. 2 Making all but the pointed region bigons or squares. 
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Let Do denote the pointed region. We define the distance d{D) of a region 
D to be the smallest number of intersection points between /?-curves and an arc 
connecting zq to an interior point of -D in S \ a. 

We say a region D is had, if D is not pointed, and is not a bigon nor a square 
region. We take a bad region D with the largest distance d{D), and replace 
it by square regions. One of the regions having a common /3-Gdge with D has 
distance d{D) — 1 by definition. Let be such a region and be its common 
/3-edge with D. 

We make a finger move of 6* into an adjacent region which has a common 
a-edge with D as in Figure 2 so that D is replaced by two regions of fewer edges. 
The finger move is continued until the finger reaches either a bigon, another bad 




Figure 2: Killing a bad region. 

region, or a region of smaller distance. Plamcnevskaya shows that, by further 
finger moves, the finger reaches cither a bigon, another bad region, or a region 
with distance < d{D) — 1. Sec [11, 12] for details of the finger moves. Then, we 
can reduce the number of edges in dD by the above procedure. 

Repeat this operation inductively, and we get a nice diagram. □ 

Let (S, /3, a, zq) be a nice diagram of —Y and G 7r2(x, y) be an empty 
embedded bigon. —x and y denote two vertices of (j), with the signature of the 
orientation induced by d{d{(j))\f3). Then, there are X2,X3, . . . ,x„ in intersection 
points between a-curves and /3-curves so that we can express :x. = x + X2 + X3 + 
• • • + Xri and y = y + X2 ^" 2^3 ^" • • • ^" Xn- Such X2, X3, . . . , Xn, and X are called 
trivial vertices, a positive vertex, and a negative vertex of (f>, respectively. 

Similarly, when </> e 7r2(x, y) is an empty embedded square, and —x, —x',y, 
and y' denote four vertices of (j), there exist X3, X4, . . . , Xn in intersection points 
between a-curves and /3-curves so that we have an expression :x. — x + x' + X3 + 

X4-\ \-Xn and y = y + y' + X3 + X4^-\ \-Xn- Such X3,X4, . . . ,Xn, y,y', and 

also called trivial vertices, positive vertices, and negative vertices of (j), 
respectively. 

The next lemma is useful for computing the boundary map d. 
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Lemma 4.7. Let (E,/3, q:,zo) « nice diagram of —Y given by an open book. 

Then, Ci is not a negative vertex of any empty embedded bigon or square. 
Therefore, when there exists an empty embedded bigon or square (j) in 7r2(x,y), 
if a generator x has a term Ci, y also does. 

In particular, for any generator x, 7r2(c, x) has no empty embedded bigons 
nor squares, where c = ^ q. Hence, dc — holds. 

Proof. Let be an empty embedded bigon or square which has a as a non- 
trivial vertex. Then, (f> contains a thin strip between x {1/2} and bi x {1/2}. 
We orient Oi fl d4> as the direction away from c^. By the definition of bi, (j) is in 
the left side of Oi as in Figure 3. Therefore, a has positive signature. □ 




Figure 3: Position of a thin strip. 

5 Examples of computing Ozsvath-Szabo invari- 
ant 

In this section, we perform easier computation of the Ozsvath-Szabo invariant 
for the open book which is investigated by Plamenevskaya in [11]. 

Let iS be a four punctured sphere, and a monodromy h be the composition 
of two maps h = t-y^o t^-^ , where and ^'^s the positive Dehn twists around 
7i and 72, respectively, as in Figure 4. It is known that the contact structure 
compatible with this open book is isotopic to the standard tight contact struc- 
ture on X 5^. In fact, we can show, by combinatorial computation, that c(^) 
is non- vanishing. 

Plamenevskaya took arcs in Figure 5 as a basis {01,02,03}. The diagram 
given by her basis is shown by Figure 5, which has a non-disk region and 
a hexagon region. Figure 6 shows the nice diagram after applying Sarkar- 
Wang algorithm, which has 22 generators of CF and 13 empty embedded 
bigons/squares. See [2] for details and computation. 

In [2], Etgii and Ozbagci get a diagram having less generators and empty 
embedded bigons/squares by choosing a good basis {01,02,03}. Here, we take 
another basis {oi, 02, 03} as in Figure 7. 
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Figure 4: Simple closed curves which give the definition of the monodromy h. 




Figure 6: The nice diagram after applying Sarkar-Wang algorithm to the dia- 
gram in Figure 5. 

In the corresponding diagram, a-curves and /3-curves have intersection points 
as shown in Table 1. Each generator of CF corresponding to the above diagram 
has the term ci but does not contain any other terms included in ai, since^^ 
intersects the a-curves only in one point Ci, which is included in ai. Thus, CF 
has only 2 generators, c = ci + C2 + C3 and x = ci + a; + y. 

Moreover, there are only 2 empty embedded squares for this diagram, (pi = 
Ri + i?2 and 4)2 = R3 + R4, both of which are in 7r2(x, c), because the other 
square domains have a vertex which is an intersection point between ai and (32, 
or ai and /S^. 

So, we have 9x = c + c = 0. Thus, 

HF{S, h) = Z/2Z[c] ® Z/2Z[x] 
holds, and Ozsvath-Szabo invariant c(^) = [c] does not vanish. 

6 Ozsvath-Szabo invariant of negative stabiliza- 
tions 

In this section, we show that the Ozsvath-Szabo invariant for a contact structure 
^ vanishes, if ^ is compatible with a negative stabilization of an open book. 



11 



Table 1: The intersection points between a-curves and /3-curves in Figure 7. 
The components of aj-hne and /3j-column mean intersection points between ai 
and l3j. 





Pi 


/32 




ai 


Cl 


2 points 


2 points 







C2 


X 


Q!3 





y 


C3 




Figure 7: One of good bases {ai, a2, 03} and two empty embedded squares. 
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Let {S, h) be an open book and (5', h') be its negative stabilization, i.e., S' 
is a surface obtained by attaching a 1-handle to S and 7 is a simple closed curve 
in S' which goes over the 1-handlc once and h! is a composition map h! — t^o h, 
where is the negative Dehn twist around 7. 

It is well-known that a contact structure which is compatible with (5", h') is 
overtwisted. For a proof, see [4], for example. So, the Ozsvath-Szabo invariant 
vanishes. We show this combinatorially. 

First of all, we take a basis {ao, ai, . . . , a^} for S", such that ao is in the 
1-handle, which intersects 7 at only one point, and {oi, a2, . . . , a„} is a basis 
for S which does not intersect 7. 

In the diagram of given by the above basis, S[^2 includes an inter- 

section point Co between /3o and ao, and S'q includes two intersection points y 
between Pq and ao. Moreover, there are no intersection points between /3o and 
the other a^'s. 

In Figure 8, i?o is the pointed region, and i?2, ^^3, and i?4 arc regions 
adjacent to i?o- But and i?4 can be connected to Rq by arcs near (3q which 
are disjoint from a- and (3- curves, because /3o does not intersect a-curves except 
ao- Hence, i?3 and i?4 coincide with i?o, and /3o and bigon regions R2 are 
surrounded with the pointed region. 

Therefore, /3o and the bigon regions Ri, R2 remain unchanged in a new nice 
diagram, which is obtained by applying Sarkar-Wang algorithm to the original 
diagram. 

Let X = X + ci + C2 + ■ ■ ■ + Cn, y = ci + C2 + ■ ■ ■ + Cn, and c = 
Co + ci + C2 + • • • + c„ be the generators of Ci^ corresponding to the new nice 
diagram. 

Theorem 6.1. We have 

(9x = dy = c. 

Therefore, the Ozsvdth-Szabo invariant vanishes. 

Proof. By lemma 4.7, if there exists a generator x' and an empty embedded 
bigon/square </> in 7r2(x, x'), then x' can be expressed as x' + ci + C2 + • • • + c„, 
where x' is an intersection point between ag and /3o, and is a bigon with two 
vertices, x' as a positive vertex and x as a negative vertex. 

Now, there are only three intersection points Co, x, and y between ao and 
/3o- Clearly, there is no bigon whose vertices are x and y. On the other hand, 
i?i is the only empty embedded bigon with vertices co and x. 

Therefore, 9x = c 

Similarly, we get dy = c. □ 

The next theorem is Lemma 5.1.2 of [4]. 

Theorem 6.2. //^ is an overtwisted contact structure on Y, then there exists 
an open hook {S, h) such that ^ is compatible with a negative stabilization of 
{S, h). 



13 




14 



By using this theorem, we get the foUowing. 
Corollary 6.3. If^ is an overtwisted contact structure on Y , then c(^) vanishes. 

7 Ozsvath-Szabo invariant of positive stabiliza- 
tions 

In this section, we construct an isomorphism between homology of an open book 
{S, h) and that of the positive stabilization (S", h') which preserves Ozsvath- 
Szabo invariant. 

Let {S, h) be an open book and (S", h') be its positive stabilization, i.e., S' is 
a surface obtained by attaching a 1-handlc to S, and 7 is a simple closed curve 
in S' which goes over the 1-handlc once, and h' is a composition map h' = t^oh, 
where tj is the positive Dchn twist around 7. 

For a contact 3-manifold {Y,£^) and the compatible open book {S,h), let 
^' denote the contact structure compatible with [S',h'), which is a positive 
stabilization of {S,h). Then, it is a well-known fact that ^ and ^' are isotopic. 
For a proof, see [4], for example. 

We start the construction with taking a basis {oq, ai, . . . , a„} for S' as in 
section 6, i.e., oq is in the 1-handle, which intersects 7 at only one point, and 
{oi, a2, . . . , On} is a basis for S which is disjoint from 7. Then, by changing h, 
if we need, applying Theorem 4.6, we may assume that the diagram of (5, h) 
given by the basis {ai, 02, . . . , a„} is nice. 

Deforming 7 by isotopy in S" \ (IJ"^]^ fli), we minimize the number of inter- 
section points between n 7 and h{bi), h{b2), ■ ■ ■ , h{bn). We may assume that 
the intersection of 7 n S" and a bigon or a square region R consists of arcs {Ai] 
in i?, whose endpoints are on the /3-edges contained in h{hi) U ■ • ■ U h{bn)- If 
at least one of such arcs Ai has the endpoints on a common /3-edge, we can 
choose Ai so that Ai and the /?-edge bound a bigon whose interior disjoint from 
7 n 5. Then deforming 7 by isotopy, we can eliminate Ai. This contradicts the 
above minimality condition. It follows that 7 ns' does not intersect a bigon, and 
intersects a square region in arcs, each of which connects the different /?-edges 
of the region. Note that this deforming docs not change the equivalence class 
of the original open book. 

In the diagram of (S", h') given by the above basis, Po intersects the a-curvcs 
only at one point cq = ao n/3o- So, the same argument as in the case of negative 
stabilization shows that only the pointed region has an edge contained in (3o. In 
fact, in Figure 9 a region Ri can be connected to the pointed region Rq by an 
arc near /3o and a region R2 can be connected to Rq similarly. Therefore, Ri 
and i?2 coincide with the pointed region Rq. Hence, non-pointed regions have 
their boundaries in Q^i, . . . , and I3i, (i2, ■ ■ ■ , Pn- 

We prove that this diagram is nice. To see this, we take a non-pointed region 
R. If the boundary of R does not intersect ao, then R coincides with a region 
of diagram for {S,h), which remains unchanged by the stabilization, so i? is a 
bigon or a square. 
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On the other hand, if the boundary of R does intersect ao, then R is obtained 
from some region R of the diagram for (S, h) by Dehn twist around 7 as in Figure 
10. Hence, i? is a square region which intersects 7. The stabilization changes 
the regions only around a tubular neighborhood of 7 as in Figure 11. By the 
stabilization, each square region which intersects 7 in the original diagram is 
twisted and is divided into several regions by ao. Therefore, the resulting new 
regions are still square regions. 




I I positive Dehn twist 
n| U' around 7 




Figure 10: The correspondence between empty embedded bigons or squares. 
Each generator x of CF{S',h') has the term cq, since /3o intersects the a- 
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positive 
Dehn twist 
around 7 




Figure 11: How positive stabilization changes curves and regions in the tubular 
neighborhood around 7. 
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curves only at cq, which is included in uq. The other terms of x are intersection 
points between ai, a2, . . -jjOn and /3i, /32j^- , Pn- Therefore, we get a one-to-one 
correspondence between CF{S, h) and CF{S' , h') by mapping a generator x of 

CF{S, /i) to X = Co + X. 

Additionally, for an empty embedded bigon or square £ 7r2(x, y) in the 
diagram for {S,h), we assign to (j) an empty embedded bigon or square </> G 
7r2(x,y) which goes through the 1-handle as in Figure 10, if cf) intersects 7 in 
the diagram for {S,h), and assign (j) itself to (j), otherwisc(notc that (f> remains 
unchanged by stabilization in the latter case) . Then this correspondence is one- 
to-one between the empty embedded bigons or squares connecting x to y and 
the empty embedded bigons or squares connecting x to y. 

After all, we get the following theorem. 

Theorem 7.1. There exists an isomorphism i between C'F(S, h) and C'F{S' , h') 
such that each generator x is mapped to x ~ cq + x. 

In addition, there is a one-to-one correspondence between the empty em- 
bedded bigons or squares connecting x to y and the empty embedded bigons or 
squares connecting x to y, for all generators x, y of CF{S,h). 

Therefore, i is an isomorphism between the chain complexes, and the induced 
isomorphism : HF{S, h) — > HF{S' , h') satisfies i*(c(^)) = c(^'). 
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